Abstract. A quantitative analysis of the evolution of nuclear shapes and shape phase transitions, including regions of short-lived nuclei that are becoming accessible in experiments at radioactive-beam facilities, necessitate accurate modeling of the underlying nucleonic dynamics. Important theoretical advances have recently been made in studies of complex shapes and the corresponding excitation spectra and electromagnetic decay patterns, especially in the "beyond mean-field" framework based on nuclear density functionals. Interesting applications include studies of shape evolution and coexistence in N = 28 isotones, the structure of lowest 0 + excitations in deformed N ≈ 90 rare-earth nuclei, and quadrupole and octupole shape transitions in thorium isotopes.
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Introduction
One of the most studied phenomenon in low-energy nuclear physics, both experimentally and theoretically, is the way nucleonic matter organises itself to support a variety of shapes observed in finite nuclei. The occurrence of different shapes, shape coexistence, and shape transitions have their origin in the evolution of single-nucleon shell structure with nuclear deformation, angular momentum, temperature and number of valence nucleons. The manifestation of shells is a generic property of finite fermion systems and shell closures, in particular, are characteristic of the confining single-particle potential. When nucleons completely fill a major shell (single or doubly closed-shell nuclei), the relatively large energy gap to the next shell stabilises a spherical shape, whereas longrange correlations between valence nucleons in open-shell nuclei drive the nucleus toward deformed (quadrupole, octupole) equilibrium shapes.
Coexistence of different shapes in a single nucleus, and shape (phase) transitions as a function of nucleon number, present universal phenomena that occur in light, mediumheavy, heavy and superheavy nuclei, and reflect the organisation of nucleons in finite nuclei [1, 2, 3, 4] . A unified description of shape evolution and shape coexistence over the entire chart of nuclides necessitates a universal theory framework that can be applied to different mass regions. Nuclear energy density functionals (EDF) provide an economic, global and accurate microscopic approach to nuclear structure that can be extended from relatively light systems to superheavy nuclei, and from the valley of β-stability to the particle drip-lines [5, 6, 7, 8] . This is particularly important for extrapolations to regions far from stability where not enough data are available to determine the parameters of a more local approach such as, for instance, the interacting shell model.
The basic implementation of the EDF framework is in terms of self-consistent meanfield (SCMF) models, in which an EDF is constructed as a functional of one-body nucleon density matrices that correspond to a single product state. Nuclear SCMF models effectively map the many-body problem onto a one-body problem, and the exact EDF is approximated by simple functionals of powers and gradients of groundstate nucleon densities and currents. Some of the advantages of the EDF approach are apparent already at the SCMF level: an intuitive interpretation of mean-field results in terms of intrinsic shapes and single-nucleon states, and the possibility to formulate structure models in the full model space of occupied states, with no distinction between core and valence nucleons.
Quantitative studies of low-energy structure phenomena related to shell evolution and coexistence usually start from a constrained Hartree-Fock plus BCS (HFBCS), or Hartree-Fock-Bogoliubov (HFB) calculation of the deformation energy surfaces with mass multipole moments as constrained quantities. When based on microscopic EDFs or effective interactions, such calculations comprise many-body correlations related to the short-range repulsive inter-nucleon interaction and long-range correlations mediated by nuclear resonance modes. The result are static symmetry-breaking product many-body states. The basic idea of a deformation energy surface is that, even though the quantum many-body system is determined by a very large number of microscopic states, these can be organised in a collection of basins that are robust to small external perturbations [9] . The basins can be structurally distinct and distant from each other, but they can occur at comparable energies.
The constrained SCMF method, however, produces semi-classical deformation energy surfaces. The static nuclear mean-field is characterised by the breaking of symmetries of the underlying Hamiltonian -translational, rotational, particle number and, therefore, includes important static correlations, e.g. deformations and pairing. To calculate excitation spectra and electromagnetic transition rates it is necessary to extend the SCMF scheme to include collective correlations that arise from symmetry restoration and fluctuations around the mean-field minima. Collective correlations are sensitive to shell effects, display pronounced variations with particle number and, therefore, cannot be incorporated in a universal EDF but rather require an explicit treatment [5, 10, 11] .
On the second level of implementation of nuclear EDFs that takes into account collective correlations through the restoration of broken symmetries and configuration mixing of symmetry-breaking product states, the many-body energy takes the form of a functional of all transition density matrices that can be constructed from the chosen set of product states. This set is chosen to restore symmetries or/and to perform a mixing of configurations that correspond to specific collective modes using, for instance, the (quasiparticle) random-phase approximation (QRPA) or the Generator Coordinate Method (GCM) [12] . The latter includes correlations related to finite-size fluctuations in a collective degree of freedom and presents the most effective approach for configuration mixing calculations, with multipole moments used as coordinates that generate the intrinsic wave functions.
Many interesting phenomena related to shell evolution have been investigated over the last decade by employing GCM configuration mixing of angular-momentum and particle-number projected states based on energy density functionals or effective interactions, but the extension of this method to non-axial shapes and/or heavy nuclei still presents formidable conceptual and computational challenges [11, 13, 14, 15, 16] . In an alternative approach to nuclear collective dynamics that restores rotational symmetry and allows for fluctuations around mean-field minima, a collective Hamiltonian can be formulated, with deformation-dependent parameters determined by self-consistent mean-field calculations [17, 18] . The dynamics of the collective Hamiltonian is governed by the vibrational inertial functions and the moments of inertia [19] , and these functions are determined by the microscopic nuclear energy density functional and the effective interaction in the pairing channel. Five-dimensional collective Hamiltonian models for quadrupole vibrational and rotational degrees of freedom, with parameters determined by constrained triaxial SCMF calculations based on the Gogny effective interaction [20] , the Skyrme density functional [18] , and relativistic density functionals [10] , have been developed over the last decade and applied in a number of studies of structure phenomena related to shape coexistence and shape transitions.
The present study is based on the framework of relativistic energy density functionals, extended to include the treatment of collective correlations using the collective Hamiltonian model [10] . To emphasise the universality of the EDF approach, all illustrative calculations performed in this study, from relatively light systems to very heavy nuclei, have been carried out using a single energy density functional -DD-PC1 [21] . Starting from microscopic nucleon self-energies in nuclear matter, and empirical global properties of the nuclear matter equation of state, the coupling parameters of DD-PC1 were fine-tuned to the experimental masses of a set of 64 deformed nuclei in the mass regions A ≈ 150 − 180 and A ≈ 230 − 250. The functional has been further tested in a number of mean-field and beyond-mean-field calculations in different mass regions.
For the examples considered here, pairing correlations have been taken into account by employing an interaction that is separable in momentum space, and is completely determined by two parameters adjusted to reproduce the empirical bell-shaped pairing gap in symmetric nuclear matter [22] . For the details of the particular implementation of the EDF-based collective Hamiltonian used in the present study, we refer the reader to Ref. [10] .
Beyond the relativistic mean-field approximation: collective correlations
For a self-consistent description of collective excitation spectra and electromagnetic transition rates, the framework of (relativistic) energy density functionals has to be extended to take into account collective correlations in relation to restoration of broken symmetries and fluctuations in collective coordinates. Both types of correlations can be included simultaneously by mixing symmetry-projected states corresponding to different values of chosen collective coordinates. The most effective approach for configuration mixing calculations is the generator coordinate method (GCM), with multipole moments used as coordinates that generate the intrinsic wave functions. The GCM is based on the assumption that, starting from a set of mean-field states |Φ(q) that depend on a collective coordinate q, one can build approximate eigenstates of the nuclear Hamiltonian:
Here the basis states |Φ(q) are Slater determinants of single-nucleon states generated by constrained SCMF calculations. Several advanced implementations of the GCM have been developed recently, fully based on the microscopic EDF framework. For the relativistic SCMF approach, in particular, the most advanced model performs configuration mixing of angular-momentum and particle-number projected wave functions generated by constraints on quadrupole deformations [15, 23] andP Z project onto states with good neutron and proton number, respectively. This implementation is equivalent to a seven-dimensional GCM calculation, mixing all five degrees of freedom of the quadrupole operator and the gauge angles for protons and neutrons. The weight functions f JK α (q) in the collective wave function are determined from the variational equation:
that is, by requiring that the expectation value of the Hamiltonian is stationary with respect to an arbitrary variation δf 
where H and N are the projected GCM kernel matrices of the Hamiltonian and the norm, respectively [13, 14, 15, 23] .
Multidimensional GCM calculations involve a number of technical and computational issues [11, 23, 16] , that have so far impeded systematic applications to mediumheavy and heavy nuclei. Collective dynamics can also be described using an alternative method in which a collective Hamiltonian is constructed, with deformation-dependent parameters determined from microscopic SCMF calculations [17, 18] . The collective Hamiltonian can be derived in the Gaussian overlap approximation (GOA) [12] to the full multi-dimensional GCM. With the assumption that the GCM overlap kernels can be approximated by Gaussian functions, the local expansion of the kernels up to second order in the non-locality transforms the GCM Hill-Wheeler equation into a second-order differential equation -the Schrödinger equation for the collective Hamiltonian. For instance, in the case of quadrupole degrees of freedom:
where the vibrational kinetic energy is parameterized by the the mass parameters B ββ ,
the three moments of inertia I k determine the rotational kinetic energŷ
and V coll is the collective potential that includes zero-point energy (ZPE) corrections. w and r are products of mass parameters and moments of inertia, respectively, that specify the volume element in collective space [24] . The self-consistent mean-field solution for the single-quasiparticle energies and wave functions for the entire energy surface, as functions of the quadrupole deformations β and γ, provide the microscopic input for calculation of the mass parameters, moments of inertia and the collective potential. The Hamiltonian describes quadrupole vibrations, rotations, and the coupling of these collective modes.
The dynamics of the collective Bohr Hamiltonian is governed by the vibrational inertial functions and the moments of inertia [19] . For these quantities either the GCM-GOA or the adiabatic approximation to the time-dependent HFB (ATDHFB) expressions (Thouless-Valatin masses) can be used. The Thouless-Valatin masses have the advantage that they also include the time-odd components of the meanfield potential and, in this sense, the full dynamics of a nuclear system. In the GCM approach these components can only be included if, in addition to the coordinates q i , the corresponding canonically conjugate momenta p i are also taken into account. In many applications, including the collective Hamiltonians considered in the present study, a further simplification is thus introduced in terms of cranking formulas, i.e. the perturbative limit for the Thouless-Valatin masses, and the corresponding expressions for ZPE corrections [24] . In the present implementation of the collective Hamiltonian model the moments of inertia and mass parameters do not include the contributions of time-odd mean-fields (the so called dynamical rearrangement contributions) and, to a certain extent, this breaks the self-consistency of the approach [25] .
The diagonalization of the collective Hamiltonian gives the energy spectrum E I α and the corresponding eigenfunctions
that are used to calculate various observables, for instance the E2 reduced transition probabilities. The shape of a nucleus can be characterized in a qualitative way by the expectation values of invariants β 2 , β 3 cos 3γ, as well as their combinations. Nuclear excitations characterised by quadrupole and octupole vibrational and rotational degrees of freedom can be simultaneously described by considering quadrupole and octupole collective coordinates that specify the surface of a nucleus
. In addition, when axial symmetry is imposed, the collective coordinates can be parameterized in terms of two deformation parameters β 2 and β 3 , and three Euler angles Ω ≡ (φ, θ, ψ). After quantization the collective Hamiltonian takes the form
where the mass parameters Just as in the case of the quadrupole five-dimensional collective Hamiltonian, the moments of inertia are calculated from the Inglis-Belyaev formula:
whereĴ is the angular momentum along the axis perpendicular to the symmetric axis, the summation runs over proton and neutron quasiparticle states |ij = β † i β † j |Φ , and |Φ represents the quasiparticle vacuum. The quasiparticle energies E i and wave functions are determined by SCMF calculations of deformation energy surfaces with constraints on the quadrupole and octupole deformation parameters. The mass parameters associated with the collective coordinates q 2 = Q 2 and q 3 = Q 3 are calculated in the cranking approximation, as well as the vibrational and rotational zero-point energy corrections to the collective energy surface [26] .
Evolution of shapes and coexistence in N = 28 isotones
Nuclei with closed major proton and/or neutron shells are usually characterised by spherical equilibrium shapes. However, this is not necessarily the case for nuclei away from the β-stability line in which energy spacings between single-particle levels can undergo considerable changes with the number of neutrons and/or protons. This can result in reduced spherical shell gaps, modifications of shell structure, and in some cases spherical magic numbers may disappear. The reduction of a spherical shell closure is associated with the occurrence of deformed ground states and, in a number of cases, with the phenomenon of shape coexistence. Because of the low density of single-particle states close to the Fermi surface, in relatively light nuclei coexistence occurs only when proton and neutron density distributions favour different equilibrium deformations, e.g. prolate vs oblate shapes. Here we consider the well known example of neutron-rich N = 28 isotones, which exhibit rapid shape variations and shape coexistence.
In Fig. 1 we plot the self-consistent triaxial quadrupole deformation energy surfaces of N = 28 isotones [27] . The equilibrium shape of the doubly-magic nucleus 48 Ca is, of course, spherical but the N = 28 spherical shell is strongly reduced in the isotones with a smaller number of protons. This leads to rapid transitions between deformed equilibrium shapes and shape coexistence in 44 S. The energy surface of 46 Ar is soft both in β and γ directions, with a shallow extended minimum along the oblate axis. Only four protons away from the doubly magic 48 Ca, in 44 S the self-consistent meanfield calculation predicts a coexistence of prolate and oblate minima separated by a rather low barrier (< 1 MeV). For 42 Si the energy surface displays a deep oblate minimum at (β, γ) = (0.35, 60
• ), whereas a prolate equilibrium minimum at (β, γ) = (0.45, 0
• ) is predicted in the very neutron-rich nucleus 40 Mg. Similar results for the quadrupole deformation energy surfaces were also obtained in self-consistent HartreeFock-Bogoliubov (HFB) studies based on the finite-range and density-dependent Gogny interaction D1S [20, 28] . Rapid transitions between equilibrium shapes in a chain of isotones (isotopes) are governed by the evolution of the shell structure of single-nucleon orbitals. In particular, one or more close-lying deformed minima can develop as a result of the occurrence of gaps or regions of low single-particle level density around the Fermi surface at finite deformation. In the present analysis we illustrate this phenomenon with the example of shape coexistence in 44 S. There are many experimental indications for the transitional nature of 44 S: the low-lying 0 + 2 and 2 + 1 excited states, the large value of the reduced transition probability B(E2, 2 [29, 30] , the monopole strength ρ 2 (E0, 0
, and the reduced transition probability B(E2, 2 [31] . Based on these results, shell model calculations and a simple two-level mixing model have shown that 44 S exhibits a shape coexistence between a prolate ground state and a spherical 0 44 S, as functions of the deformation parameters along a closed path in the β − γ plane. Solid (blue) curves correspond to levels with negative parity, and (red) dashed curves denote positive-parity levels. The dot-dashed (green) curves corresponds to the Fermi levels. The panels on the left and right display prolate (γ = 0
• ) and oblate (γ = 60
• ) axially-symmetric single-particle levels, respectively. In the middle panel the proton and neutron levels are plotted as functions of γ for a fixed value |β| = 0. 35. excited state. On the other hand, spectroscopic calculations based on the self-consistent mean-field approach indicate a coexistence of prolate and oblate shapes in 44 S [28, 27] . In a very recent shell model study several inconsistencies in previous interpretations of data for 44 S have been resolved [32] . Using quadrupole invariants to determine axial and triaxial shape parameters from a shell model calculation, a pronounced triaxial shape for the ground state and a slightly more pronounced prolate shape for the excited 0 + 2 state have been predicted. It has been shown that these states display a large overlap in the (β, γ) plane. Higher-lying members of the ground-state band show a tendency towards prolate deformation, whereas strong fluctuations have been predicted in the band built on top of the state 0 + 2 . An isomeric state 4 + 1 was recently observed in 44 S [33] , and the nature of this state has been explored in a shell model study [34] which has shown that this state most probably corresponds to a two-quasiparticle K = 4 configuration.
In Fig. 2 we plot the proton (upper panel) and neutron (lower panel) single-particle levels in the canonical basis for 44 S. Solid (blue) curves correspond to levels with negative parity, and dashed (red) curves denote positive-parity levels. The dot-dashed (green) curves correspond to the Fermi levels. The proton and neutron levels are plotted as functions of the deformation parameters along a closed path in the β-γ plane. The panels on the left and right display prolate (γ = 0 • ) and oblate (γ = 60
• ) axially symmetric single-particle levels, respectively. In the middle panel of each figure the neutron and proton levels are plotted as functions of γ for a fixed value of the axial deformation |β| = 0.35 which corresponds to the position of the prolate mean-field minimum in 44 S isotope (cf. Fig. 1 ). Starting from the spherical configuration, we follow the single-nucleon levels on a path along the prolate axis up to the approximate position of the minimum (left panel), then for this fixed value of β the path from γ = 0
• (middle panel) and, finally, back to the spherical configuration along the oblate axis (right panel). Axial deformations with γ = 60
• are denoted by negative values of β. This figure illustrates the principal characteristics of structural changes in neutron-rich N = 28 nuclei: the near degeneracy of the d 3/2 and s 1/2 proton orbitals, and the reduction of the size of the N = 28 shell gap [35] . Between the doubly magic 48 Ca and 44 S the spherical gap N = 28 decreases from 4.73 MeV to 3.86 MeV, respectively. Consequently, the largest gap between neutron states at the Fermi surface is located on the oblate axis (lower panel of Fig. 2) , and we also notice the increased density of single-neutrons levels close to the Fermi surface at γ ≈ 30
• which leads to formation of the potential barrier in the triaxial region. For the protons (upper panel of Fig. 2) , the largest gap is located on the prolate axis. The competition between pronounced protonprolate and neutron-oblate energy gaps is at the origin of the coexistence of deformed shapes in 44 S. Starting from constrained self-consistent solutions of the relativistic HartreeBogoliubov (RHB) equations at each point on the energy surfaces (Fig. 1) , we calculate the mass parameters B ββ , B βγ , B γγ , the three moments of inertia I k , as well as the zero-point energy corrections, that determine the collective Hamiltonian (5). The diagonalization of the resulting Hamiltonian yields the excitation energies and reduced transition probabilities. Physical observables are calculated in the full configuration space and there are no effective charges in the model. In Fig. 3 we display the lowenergy spectrum of 44 S in comparison to available data for the excitation energies, reduced electric quadrupole transition probabilities B(E2) (in units of e 2 fm 4 ), and the electric monopole transition strength ρ 2 (E0; 0 63 (18) 42 (13) 59 8.7(7)x10 space.
To illustrate the degree of configuration mixing and shape coexistence in 44 S, in Fig. 4 we plot the probability density distributions for the lowest three states in the ground-state band (left), the (quasi) γ-band (middle), and the excited band built on the state 0 + 2 (right). For a given collective state, the probability distribution in the (β, γ) plane is defined as
with the summation over the allowed set of values of the projection K of the angular momentum I on the body-fixed symmetry axis, and with the normalization
The probability distribution of the ground state 0 + 1 displays a deformation |β| ≥ 0.3, extended in the γ direction from the prolate γ = 0
• to the oblate γ = 60
• shape. The γ softness of the 0 + 1 state reflects the ground-state mixing of configurations based on the prolate and oblate minima of the mean-field potential (cf. Fig. 1) . States of the groundstate band with higher angular momenta are progressively concentrated on the prolate axis and the average β deformation gradually increases because of centrifugal stretching. Although the 0 + 2 state is predominantly prolate, one notices oblate admixtures and, Table 1 we list the percentage of the K = 0 and K = 2 components in the collective wave functions, together with the spectroscopic quadrupole moments. The wave functions of the states 2 The example considered in this section and similar calculations reported recently have shown that the EDF approach provides an accurate microscopic interpretation of the reduction of the N = 28 spherical energy gap in neutron-rich nuclei, and a quantitative description of the evolution of shapes in N = 28 isotones in terms of single-nucleon orbitals as functions of the quadrupole deformation parameters β and γ. In particular, the formation of the oblate neutron and prolate proton gaps in 44 S, illustrated in Fig. 2 , is at the origin of the predicted shape coexistence, in very good agreement with recent data.
Lowest 0
+ excitations in N ≈ 90 rare-earth nuclei
Rare-earth nuclei with neutron number N ≈ 90 present some of the best examples of rapid shape evolution and shape phase transitions [1, 4, 36] . Employing a consistent framework of structure models (GCM, quadrupole collective Hamiltonian) based on relativistic energy density functionals, in a series of studies [37, 38, 39] we analysed microscopic signatures of ground-state shape phase transitions in this region of the nuclear mass table. Phase transitions in equilibrium shapes of atomic nuclei correspond to first-and second-order quantum phase transitions (QPT) between competing groundstate phases induced by variation of a non-thermal control parameter (number of nucleons) at zero temperature. In general, one observes a a gradual evolution of shapes with the number of nucleons, and these transitions reflect the underlying modifications of shell structure and interactions between valence nucleons. A phase transition, on the other hand, is characterised by a significant variation of one or more order parameters as functions of the control parameter. Even though in systems composed of a finite number of particles phase transitions are actually smoothed out, in many cases clear signatures of abrupt changes of structure properties are observed. A number of experiments over the last two decades, as well as many theoretical studies of deformation energy surfaces and also direct computation of observables related to order parameters, have shown that two-neutron separation energies, isotope shifts, energy gaps between the ground (22) 240 (4) 293 (4) 250 (40) 170 (12) state and the excited vibrational states with zero angular momentum, isomer shifts, and monopole transition strengths, exhibit sharp discontinuities at neutron number N = 90. In the present study we focus on the low-lying 0 + excitations in the deformed N = 90 isotones and examine the mixing between the lowest K = 0 bands. Traditionally the first excited 0 + level in deformed nuclei has been interpreted as a β-vibrational state, with the associated K = 0 rotational β-band. However, many experimental studies have shown that most of the 0 + 2 excitations are not β vibrations. In the exhaustive review of properties of the lowest-lying 0 + states in deformed rare-earth nuclei [41] , it was emphasized that there is no a priori reason to associate the β vibration with the lowest 0 + excited state. A set of properties was suggested that the first excited 0 + level should exhibit in order to be labelled as a β vibration. Among those: B(E2; 0 In our microscopic analysis of order parameters in nuclear quantum phase transitions [39] , in particular for the Nd isotopic chain, it was shown that the excitation energies of both 0 245 (9) 285 (15) 312 (17) 157 (1) 97 (10) 5 2 (8 ) 4 0 5.7(5) 2.7 0.86 (7) 2.7 (17) 264 (13) 281 (8) Figure 7 . Same as in the caption to Fig. 5 but for 156 Dy. In Figs. 5 -7 we plot the theoretical low-energy spectra of the N = 90 nuclei: 152 Sm, 154 Gd and 156 Dy, in comparison with data [40] . The ground-state bands, lowest K = 0 and K = 2 bands are compared to their experimental counterparts: excitation energies, intraband and interband B(E2) values, and E0 transition strengths. The theoretical spectra comprise eigenstates of the five-dimensional quadrupole collective Hamiltonian (5), based on triaxial SCMF solutions obtained with the density functional DD-PC1 and a finite-range pairing force separable in momentum space. No additional parameters are adjusted to data, and transition rates have been calculated with bare charges, that is, e p = e and e n = 0.
For the ground-state bands the theoretical excitation energies and B(E2) values for transitions within the band are in very good agreement with data, except for the fact that the empirical moments of inertia are systematically larger than those calculated with the collective Hamiltonian. This is a well known effect of using the simple InglisBelyaev approximation for the moments of inertia, and is also reflected in the excitation energies of the excited K = 0 and K = 2 bands [42] . The wave functions, however, are not affected by this approximation and we note that the model reproduces both the intraband and interband E2 transition probabilities. The K = 2 γ-bands are predicted at somewhat higher excitation energies compared to their experimental counterparts, and this is most probably due to the potential energy surfaces being too stiff in γ. The deformed rare-earth N = 90 isotones are characterised by very low K = 0 bands based on the 0 + 2 states. In 152 Sm, for instance, this state is found at 685 keV excitation energy, considerably below the K = 2 γ-band. Nevertheless, this state has been interpreted as the band-head of the β-band [41, 42] .
In 152 Sm the excited K = 0 band is calculated at moderately higher energy compared to data, while the agreement with experiment is very good for 154 Gd and 156 Dy. We note that a very similar excitation spectrum for 152 Sm was also obtained with the collective Hamitonian based on the D1S Gogny interaction [42] . Particularly important for the present study are the E0 transitions between the two lowest K = 0 bands, and the B(E2; 0 152 Sm, the E0 transition strengths and B(E2) values seem to match the criteria for a β-vibrational state [41] .
The E0 transitions strengths reflect the degree of mixing between the two lowest K = 0 bands, and Figs. 5 -7 show that the theoretical values that correspond to transitions between the eigenstates of the collective Hamiltonian reproduce the empirical ρ 2 (E0) values. The structure of the low-lying 0 + states is analysed in Fig. 8 , in which the probability density distributions are plotted in the β − γ plane for the three lowest collective 0 + states of 152 Sm, 154 Gd and 156 Dy. We note that the probability distributions for these states are concentrated on the prolate axis γ = 0
• , in contrast to the bandheads of the K = 2 γ-bands, for which the probability density distributions are shown in Fig. 9 . The dynamical γ-deformations of the latter clearly point to the γ-vibrational nature of these states. The average values of the deformation parameter β for the collective ground-state wave functions of 152 Sm: < β >= 0.32, 154 Gd: < β >= 0.31, and 156 Dy: < β >= 0.30, correspond to the minimum of the respective deformation energy surface. The corresponding values for the first excited 0 + states are: < β >= 0.33 for 152 Sm, < β >= 0.34 for 154 Gd, and < β >= 0.37 for 156 Dy. For a pure harmonic β-vibrational state one expects that the average deformation is the same as for the ground-state, that the ratio of ∆β values for 0 + β with respect to 0 + 1 is √ 3, and that the probability density distribution displays one node at < β > g.s. and two peaks of the same amplitude. The ratio of ∆β values for 0 + 2 with respect to 0 + 1 is: 1.6 for 152 Sm, 1.53 for 154 Gd, and 1.42 for 156 Dy. Considering all these quantities, it appears that the best candidate for the β-vibrational state is 0 + 2 in 152 Sm. However, even in this case the probability distribution does not display two peaks of equal amplitude, and the shift to larger deformation is more pronounced in 154 Gd and 156 Dy. Note that for the latter two nuclei the calculated excitation energy of the 0 + 2 states are in even better agreement with data. The probability distributions for the 0 + 3 levels, plotted in the third row of Fig. 8 , indicate the development of a second node and third peak, that is, the appearance of two-phonon states. One notices, however, the mixing with states based on γ vibrations, which becomes even more pronounced for higher lying 0 + states, not shown in the figure. An experimental exploration of a possible occurrence of multiple (two) phonon intrinsic collective excitations in 152 Sm did not find evidence for two-phonon K π = 0 + quadrupole vibrations [43] . In fact, it has been argued that an emerging pattern of repeating excitations built on 0 + 2 , similar to those based on the ground state, shows that 152 Sm is an example of shape coexistence [44] . The simple analysis presented in this section illustrates the complex structure of excited 0 + levels in deformed nuclei, and the difficulties in classifying these states as simple collective vibrational states, that is, as one and two-phonon β vibrations. A more quantitative theoretical investigation should involve additional effects not included in our collective Hamiltonian model, such as are the coupling between shape oscillations and pairing vibrations [45] and, in general, the coupling between collective and intrinsic two-quasiparticle excitations [46] , that can lower the collective energy levels and improve the agreement with data [40, 41] . In particular, a more advanced model that includes coupling between collective and intrinsic two-quasiparticle excitations can be used to analyse excited rotational bands based on pairing isomers, such as those identified in 154 Gd [47] and 152 Sm [48] .
Quadrupole and octupole shape transition in Thorium
Most deformed medium-heavy and heavy nuclei display quadrupole equilibrium shapes, but there are also regions of the mass table in which octupole deformations (reflectionasymmetric, pear-like shapes) occur. Reflection-asymmetric shapes are characterized by the presence of negative-parity bands, and by pronounced electric dipole and octupole transitions. In the case of static octupole deformations, for instance, the lowest positive- parity even-spin states and the negative-parity odd-spin states form an alternatingparity band, with states connected by the enhanced E1 transitions. In a simple microscopic picture strong octupole correlations arise through a coupling of orbitals near the Fermi surface with quantum numbers (l, j) and (l+3, j +3). This leads to reflectionasymmetric intrinsic shapes that develop either dynamically (octupole vibrations) or as static octupole equilibrium deformations [2, 49] . For example, in the case of N ≈ 134 and Z ≈ 88 nuclei in the region of light actinides, the coupling of the neutron orbitals based on g 9/2 and j 15/2 , and that of the proton single-particle states arising from f 7/2 and i 13/2 , can give rise to octupole mean-field deformations.
An interesting phenomenon are simultaneous quadrupole and octupole shape transitions. In a series of recent studies [50, 51, 52] we have analyzed the evolution of quadrupole and octupole shapes using a consistent microscopic framework based on relativistic EDFs. In thorium isotopes, in particular, the calculated triaxial quadrupole and axial quadrupole-octupole energy surfaces, and predicted observables (excitation energies, isotope shifts of charge radii, electromagnetic transition rates) point to the occurrence of a simultaneous phase transition between spherical and quadrupoledeformed prolate shapes, and between non-octupole and octupole-deformed shapes, with 224 Th being closest to the critical point of the double shape phase transition [51] . Figure 10 displays the deformation energy surfaces in the plane of axial quadrupole and octupole deformation parameters (β 2 , β 3 ) for the isotopes 220−230 Th. This isotopic chain exhibits an interesting structural evolution, visible already at the SCMF level. A rather soft energy surface is calculated for 220 Th with the minimum at (β 2 , β 3 ) ≈ (0, 0), and this will give rise to quadrupole vibrational excitation spectra. Quadrupole deformation becomes more pronounced in 224 Th, and one also notices the emergence of octupole deformation. The energy minimum is found in the β 3 = 0 region, located at (β 2 , β 3 ) ≈ (0.1, 0.1) . From 224 Th to 228 Th the occurrence of a rather strongly marked octupole minimum is predicted. Starting from 228 Th, the minimum becomes softer in the octupole β 3 direction. An octupole-soft surface, almost completely flat in β 3 for β 3 ≤ 0.3, is calculated for 232 Th. In Fig. 11 we analyse the systematics of energy spectra of the positive-parity groundstate band (K π = 0 + ) (left) and the lowest negative-parity (K π = 0 − ) sequences (right) in 224−232 Th. The theoretical values calculated using the quadrupole-octupole collective Hamiltonian (9) are shown in comparison to available data [40] . The excitation energies of positive-parity states systematically decrease with mass number, reflecting the increase of quadrupole collectivity.
220,222 Th exhibit a quadrupole vibrational structure, whereas pronounced ground-state rotational bands with R 4/2 = E(4 minimum is most pronounced. Starting from 226 Th the energies of negative-parity states systematically increase and the band becomes more compressed. A rotationallike collective band based on the octupole vibrational state, i.e., the 1 − 1 band-head, develops. The parabolas of negative-parity states calculated with the quadrupoleoctupole Hamiltonian are in qualitative agreement with data, although the minima are predicted to occur at 228 Th rather than 226 Th. Note, however, that all levels shown in Fig. 11 are below 1 MeV excitation energy, so that the differences between calculated and experimental levels are rather small, especially considering that no parameters were adjusted to data. The approximations involved in the calculation of the Hamiltonian parameters (perturbative cranking for the mass parameters and the Inglis-Belyaev formula for the moments of inertia) determine the level of quantitative agreement with experiment. We note that the theoretical B(E2) values for transitions within the ground state bands are in agreement with availabe data, while the calculated B(E3; 3 [53] . Let us consider in more detail the structure of 226 Th which, at the SCMF level, exhibits a nice example of coexistence of axial quadrupole and octupole minima. The energy difference between the local minimum at β 3 = 0 and the equlibrium minimum at β 3 = 0.16 is 1.8 MeV. We have also carried out a constrained triaxial quadrupole SCMF calculation which confirms that the quadrupole minimum is indeed at γ = 0
• , that is, axial prolate. The microscopic origin of coexistence of the two minima becomes apparent from the dependence of the single-nucleon levels on the two deformation parameters. Figure 12 displays the single neutron and proton levels of 226 Th along a path in the β 2 −β 3 plane. Starting from the spherical configuration, the path follows the quadrupole deformation parameter β 2 up to the position of the equilibrium minimum β 2 = 0.2, with the octupole deformation parameter kept constant at zero value. Then, for the constant value β 2 = 0.2, the path continues from β 3 = 0 to β 3 = 0.3. The necessary condition for the occurrence of low-energy octupole collectivity is the presence of pairs of orbitals near the Fermi level that are strongly coupled by the octupole interaction. In the panels on the left of Fig. 12 we notice states of opposite parity that originate from the spherical levels g 9/2 and j 15/2 for neutrons, and f 7/2 and i 13/2 for protons. The total energy can be related to the level density around the Fermi surface, that is, a lower-than-average density of single-particle levels results in extra binding. Therefore, the local quadrupole minimum seen on the axial energy surface of 226 Th reflects the β 2 -dependence of the levels of the Nilsson diagram for β 3 = 0. For the levels in the panels on the right of Fig. 12 parity is not conserved, and the only quantum number that characterises these states is the projection of the angular momentum on the symmetry axis. The octupole minimum, rather soft along the β 3 -path in 226 Th, is attributed to the low density of both proton and neutron states close to the corresponding Fermi levels in the interval of deformations around β 3 = 0.16.
Fully microscopic analyses of coexistence of quadrupole and octupole shapes and, in general, the evolution of octupole correlations in heavy nuclei, will be particularly important for future experimental studies of reflection-asymmetric shapes using accelerated radioactive beams [54] , and in searches for new symmetry violating interactions beyond the standard model [49] .
Summary
The framework of nuclear energy density functionals provides an intuitive and yet accurate microscopic interpretation of the evolution of single-nucleon shell structure and the related phenomena of deformations, shape transitions and shape coexistence. Self-consistent mean-field calculations of deformation energy surfaces produce symmetry-breaking many-body states that include important static correlations such as deformations and pairing. Intrinsic shapes that correspond to minima on the deformation energy surface are determined by the static (constrained) collective coordinates. Dynamical correlations are included by collective structure models that restore symmetries broken by the static mean field and take into account quantum fluctuations of collective variables. The microscopic input for the generator coordinate method or the collective Hamiltonian model are completely determined by the choice of the energy density functional and pairing interaction. These models can be used to calculate observables that characterise the evolution and eventual coexistence of different shapes: low-energy excitation spectra, electromagnetic transition rates, changes in masses (separation energies), isotope and isomer shifts, and that can be directly compared to data.
Using a single relativistic energy density functional and a finite-range pairing interaction separable in momentum space, in the present study we have analysed illustrative examples of diverse phenomena related to evolution of shell structure: shape transition and coexistence in neutron-rich N = 28 isotones, the structure of lowest 0 + excitations in deformed N = 90 rare-earth nuclei, and quadrupole and octupole shape transitions in thorium isotopes. Spectroscopic properties have been calculated using the five-dimensional quadrupole and axial quadrupole-octupole collective Hamiltonian models. The very good agreement between theoretical predictions and available data, and especially the fact that very different regions of the mass table could be considered with no need to adjust or fine-tune model parameters to specific data, demonstrate that the approach based on universal density functionals is a method of choice for studies of shape transitions and coexistence over the entire table of nuclides, including regions of exotic short-lived nuclei far from stability.
Future developments of structure methods based on nuclear energy density functionals include a number of major challenges. One of the most important and certainly most difficult is the construction of a consistent set of approximations for the exchange-correlation energy functional. In the context of phenomena discussed in the present analysis, it would be very interesting to try to develop microscopic functionals that, in addition to the dependence on ground-state densities and currents composed of occupied Kohn-Sham orbitals, also include a dependence on unoccupied orbitals. This is particularly important for studies of the evolution of shell structure and modification of gaps in nuclei far from stability and/or superheavy nuclei. For quantitative comparison with available spectroscopic data and predictions in new regions of the chart of nuclides, accurate and efficient algorithms have to be developed that perform a complete restoration of symmetries broken by self-consistent mean-field solutions for general quadrupole and octupole shapes. Deformation-dependent parameters of collective quadrupole (-octupole) Hamiltonians (vibrational inertial functions and moments of inertia) need to be determined using methods that go beyond the simple cranking formulas and include the full dynamics of a nuclear system. Finally, theoretical studies of low-energy spectroscopic properties that characterise shape coexistence will also have to include uncertainty estimates, quantify theoretical errors and evaluate correlations between observables.
